Abstract. It is well known that the application of the nonlinear coordinate transformations is useful for efficient numerical evaluation of weakly singular integrals. In this paper, we consider the trapezoidal rule combined with a nonlinear transformation Ω m (b; x), containing a parameter b, proposed first by Yun [14]. It is shown that the trapezoidal rule with the transformation Ω m (b; x), like the case of the Gauss-Legendre quadrature rule, can improve the asymptotic truncation error by using a moderately large b. By several examples, we compare the numerical results of the present method with those of some existing methods. This shows the superiority of the transformation Ω m (b; x).
Introduction
We consider weakly singular integrals of the form 
where g(x) is a well-behaved functions with g(1) = 0, g(−1) = 0. For accurate numerical evaluation of these weakly singular integrals, many nonlinear coordinate transformation techniques have been developed by the literature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . All of these techniques have a property that the Jacobian of the transformation is zero at the singular points, which weakens the order of the original singularity. Among the coordinate transformations, sigmoidal transformations are known to be prominent in the numerical fulfillment [3, 4, 5, 6, 11, 12] . Elliott [4] and Johnston and Elliott [7] have derived the asymptotic truncation errors of the trapezoidal rule and the Gauss quadrature rule, respectively, both of which include the sigmoidal transformation. Recently, Yun [14] has proposed a nonlinear transformation of order m > 1 such as (2) Ω m (b; x) = e bx m − 1 e bx m + e b (1−x) 
for an arbitrary b = 0, which looks like a sigmoidal transformation of algebraic type [4] except that its derivative is not strictly increasing on the interval [0, 1 2 ], in general. It has been shown that the Gauss quadrature rule using this transformation is very effective for accurate evaluation of weakly singular integrals by virtue of the auxiliary parameter b. On the other hand, Yun and Kim [15] proposed a sigmoidal transformation of integral type :
where Q m (b) = It has been shown that, in applying Gauss quadrature rule, the transformation γ m (b; x) as well as Ω m (b; x) is available for accurate numerical evaluation of weakly singular integrals. However, the complete form of γ m (b; x) via analytical integration in (3) is not simple in view of numerical implementation.
In this paper, we consider the trapezoidal rule for accurate numerical evaluation of weakly singular integrals in (1) using the transformation Ω m (b; x) rather than the complicated sigmoidal transformation γ m (b; x). From the formulae (13) and (14) in Section 3, we particularly note that the coefficients of the series expansion of the transformation near x = 0 are not negligible in the asymptotic truncation error analysis. This may be feasible because the number of subintervals, N for the trapezoidal rule should be limited in numerical implementation. Fortunately, it can be observed that the first two leading coefficients of the series expansion of Ω m (b; x) are decreasing very fast as the parameter b goes large. This fact makes it possible that the trapezoidal rule using Ω m (b; x) may address very accurate numerical evaluation of weakly singular integrals. For several numerical examples, we show that the present method dramatically improves the existing methods by choosing any value of b in a proper range. Furthermore, it is observed that the numerical errors of the present method are consistent with the theoretical errors so long as N is large enough.
In the next section, we present general properties of Ω m (b; x) including the geometrical behavior of the transformation near the singular point. It is noted that, for a fixed m, the first two leading coefficients of the expansion of Ω m (b; x) near x = 0 are decreasing in the form of O b/e b and O b 2 /e b , respectively, as b becomes large enough. In Section 3, based on the error analysis of Elliott [4] for the trapezoidal rule, it is shown that one may expect further improvement in the asymptotic truncation error by increasing the value of b in Ω m (b; x) with a fixed order m. In Section 4, comparing numerical results of the transformation Ω m (b; x) with those of the Sidi-and elementary sigmoidal transformations, we show that the present method produces highly improved evaluation of weakly singular integrals according to the parameter b. In addition, we can find that the present method is also applicable to the logarithmic singular integrals appearing essentially in the two dimensional boundary element method. (N )
Therefore, we can find that the first two leading coefficients, C Ω 0 (b) and In general, for any m > 1, let γ m (x) be a real valued function satisfying the properties (i) -(iv) such as the usual sigmoidal transformation, and let the series of γ m (x) take the form
in (1), we apply the coordinate transformation as 
It should be noted that γ m (0) = γ m (1) = 0 from Theorem 1 and, more precisely,
This fact is important in that the singularities at x = −1 and x = 1 are weakened enough by the transformation γ m of large order m. Figure 1 
The trapezoidal rule and asymptotic error analysis
It is well known that the truncation error of the trapezoidal rule is given by Euler-Maclaurin expansion which involves the values of the integrand and its derivatives at the end points. As mentioned in Elliott [4] , a suitably chosen sigmoidal transformation of the variable of integration such as (9) will allow the derivatives at the end points to be zero and, thereby, it will improve the rate of convergence of the quadrature sum. Then, noting that G m (x; α) vanishes at the end points x = ±1, we define a quadrature sum corresponding to the trapezoidal rule as follows :
where N is the number of subintervals of [−1, 1]. If we define the related error as
N g , then we have the asymptotic truncation error for E N,m (g; α, β) as the following theorem. where, for ω = α, β,
and ζ is a generalized Riemann zeta function. Proof. Referring to Theorem 4.7 in [4] with t ν = 1, if we employ the transformation (9) with the local behavior in (8) then, by straightforward algebra, we have (13) without difficulty.
Theorem 2 has been induced based on the assumption that, for large N , the major contribution to the asymptotic error comes from the neighborhood of the singular points ξ = ±1. Therefore, the resultant truncation error given in (13) contains only the local asymptotic behavior of the transformation γ m (x) such as
To compare the transformation Ω m (b; x) defined in (2), in which we are interested, with well-known sigmoidal transformations, we introduce the elementary sigmoidal transformation [6] and the Sidi-transformation [11] of order m > 1 defined as We can see that the leading coefficients of the series expansion of we may suspect that
when b goes to the infinity, for a fixed m and a large N . In the result, using the transformation Ω m (b; x), we may expect highly improved error of the trapezoidal rule for weakly singular integrals by selecting somewhat large b. This prominent advantage of Ω m (b; x) persists also in applying the Gauss-Legendre quadrature rule as shown in [14] .
Numerical examples
In this section, we examine several algebraic weakly singular integrals in the form of (1). In addition, a logarithmic singular integral is also considered to show the extensive availability of the present method. By applying the trapezoidal rule to the formula in (10) 
of which the exact value is 1.704 030 414 819 117 to 16 decimal digits.
In this case, we have chosen the order of the transformations as m = 2 which is sufficient to weaken the original singularity. Table 1 
The exact values are I 2 = π and I 3 = 4.103 814 711 149 720 to 16 decimal digits.
In these cases, we have used m = 5 as the order of the transformations. In Table 3 Table 4 for I 2 , optimal value b * of b within the range of integers is given with respect to each N = 10(10)70. Table 5 , and the optimal value b * is given in Table 6 for N = 10(10)70. 
of which exact value is −3.696 337 962 555 286 to 16 decimal digits.
Since g does not satisfy the assumption of Theorem 2, we can not calculate the asymptotic truncation error by the form of (13) . Nevertheless, similarly to the cases of the previous examples, the numerical errors for I 4 given in Table 7 and Figure 6 show the superiority of the transformation Ω 5 (b; x) according to the values of b in a proper range.
Conclusions
In this paper, for weakly singular integrals in the form of (1), we have studied the trapezoidal rule using the transformation Ω m (b, x) in (2). By various numerical examples, we have shown that the trapezoidal rule combined with Ω m (b, x) dramatically improves the approximation errors. Furthermore, the numerical errors are almost consistent with the theoretical asymptotic truncation errors given in Theorem 2, for wide range of N , as long as b is not excessively large. The superiority of the present technique using the transformation Ω m (b, x) over the other transformation techniques is that the former requires very small number of the subintervals, N to obtain highly accurate approximation by taking a proper value of the parameter b which depends mainly on the singularities, α and β and partially on N . It can be found in numerical experiment that, for any arbitrary g(x) in (1), the accuracy is maintained by a properly chosen b according to α and β. In addition, it has been shown that the efficiency of present method persists for the logarithmic singular integrals as well as the algebraic weakly singular integrals.
Although we have mainly used the integer value of b for simplicity, one can observe that particular real values of b would result in better errors. It is left for the further work to search theoretical procedure on the optimal value of b for given singularities of the integrands.
